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ABSTRACT

One-dimensional thermodynamic models for cloud-environment mixing, evaporation into downdrafts
and precipitation from updrafts are presented in a parallel treatment using convective pressure scales and
saturation point coordinates. This common framework can be used to interpret data sets and estimate
from them pressure scales for the complex physical processes in cumulus.

1. Introduction

Betts (1982) introduced the saturation point (SP)
representation of moist thermodynamics; showing
how this unified our understanding of cloud processes
in terms of conserved thermodynamic variables, sim-
plified the representation of cloud-clear-air mixing
processes and gave new insight into atmospheric

mixing instabilities and thermodynamic equilibrium..

The saturation point together with parcel pressure
specifies the thermodynamic state of an air parcel
whether unsaturated or cloudy (specifying cloud
water but not precipitation) and can be regarded as
a thermodynamic tracer. The purpose of this paper
is to discuss simple one-dimensional thermodynamic
models for cloud processes using this unifying SP
approach. It might be thought that further analysis
using one-dimensional models is anachronistic in
view of the progress in the three-dimensional simu-
lation of clouds (e.g., Miller, 1978; Klemp and Wil-
helmson, 1978; Beniston and Sommeria, 1981).
However, cloud processes both in the atmosphere and
model simulations are so complex that their inter-
pretation often requires simple bulk models. Fur-
thermore, simple models are also necessary for the
parameterization of cloud processes in the analysis
of convective equilibrium structure and in large-scale
numerical modelling. The models this paper will pre-
sent are those for cloud-clear-air mixing or entrain-
ment, droplet evaporation in unsaturated downdrafts,
and precipitation fallout from updrafts using the SP
framework and pressure scales as parameters for the
different physical processes. The models themselves
are not new, and there is much that remains unknown
about the complex physical processes in clouds, but
the common parametric framework presented here
provides a more general framework for the consoli-
dation of diverse data sets and the derivation of bulk
parameters from them, as well as having clear ad-
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vantages in teaching. Schematic thermodynamic dia-

- grams will be used extensively for illustration. The

representation’ of processes on these linearized dia-
grams gives an invaluable overview of the multitude
of possible processes and how they might be com-
bined, although more exact computations are needed
for data analysis.

2. Cloud parcel paths and the saturation point

The main purpose of this section is to clarify the
relationship between changes of SP and changes of
thermodynamic invariables following parcel pres-
sure p.

a. The SP coordinate system

The SP of an unsaturated (cloudy) air parcel is
found by dry (moist) adiabatic ascent (descent) to the
pressure level where the parcel is just saturated (with
no cloud liquid water content) (Betts, 1982). At this
saturation level (SL), the parcel temperature and pres-
sure (Ts;, ps:) uniquely specify the conserved parcel
thermodynamic parameters (Betts, 1973) which are
given symbols: 0s;, 8¢, gsr. For unsaturated air these
are (6, 0z, q) and for cloudy air (6, Ogs, g7).where
6y denotes (liquid water) potential temperature,
0rs (saturation) equivalent potential temperature,
qs) (saturation) water vapor mixing ratio, g total
water and / cloud water (carried with air parcels until
precipitated).

In dry or moist adiabatic motion, the parcel SP by
definition does not change. Following a parcel we
may write

dps. - dbs, - dlgs. - dgs, -
dt dt at dt

We shall make the one-dimensional transformation
d/dt = wd/dp where w = dp/dt, and use the quasi-

0. (1)
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FIG. 1. Schematic tephigram showing relationship for cloud-
clear-air mixing between change of saturation point and cloud par-
cel paths with respect to pressure. The heavy dashed line CE is the
mixing line between cloud-base air and environmental air with SP
at E. The light solid lines are dry and moist adiabats and lines of
constant ‘g. The light dashed lines are cloud parcel paths for 8
= 0.5. Numbers in parentheses denote values of 8.

Lagrangian coordinates throughout, giving

dpsy _ dbsr _ dbpst _ dgst
dp dp dp dp

This paper will deal with processes which change par-
cel SP: mixing process, evaporation into downdrafts,
and precipitation from updrafts. For these processes
the SL, i.e., ps;, changes, independently of parcel
pressure p. To clarify the conceptually important re-
lationship between derivatives with respect to p and
DPst. we shall use the transformation

d _ dps; d _ d
dp dpst dpst”’

dp

giving dps; /dp the specific symbol 8. This parameter
interrelates parcel paths with respect to p and ps; on
a thermodynamic diagram from a purely geometric
viewpoint. It is helpful to understand this relationship
before introducing other physical parameters for en-
trainment, evaporation, etc. The approximation will
be made for illustrative purposes (accurate to <10%
at warmer temperatures) that over small pressure in-
tervals, the gradients of the moist adiabat and mixing
lines can be taken as constant, and a constant value
of 8 will be considered.

The nonconserved thermodynamic variables, such
as temperature, wet bulb temperature and dewpoint
for unsaturated air, can always be recovered diagra-
matically by drawing the dry and moist adiabats and
a constant g line through the SP to the parcel pressure
p (e.g., through point D in Fig. 1).

=0. )

3

b. Mixing or entrainment into cumulus clouds

The process of mixing of dry environmental air
into cumulus clouds has been studied since the early
work of Stommel (1947), who introduced the term
entrainment. Fig. 1 shows this process of mixing in
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terms of the SP, following Betts (1982). The mixing
of environmental air with SP at E into cloud with
initial SP at C (corresponding to cloud-base air)
moves the cloud parcel SP up a well-defined mixing
line (CDD”) as the cloud parcel conserved thermo-
dynamic parameters are changed by mixing. This
simple case is not quite as restrictive as it first appears
(i.e., corresponding to the mixing in of environmental
air from only one level) since cumulus layers tend to
have environmental SP’s which themselves lie close
to a well-defined mixing line.

As a cloud parcel ascends from cloudbase pp to
pressure level p, the degree of mixing determines how
far its SP moves up the heavy dashed mixing line.
The gradients following parcel pressure p can be writ-
ten using (3) as

—== = g —= 4a
dp dpsi) u (4)

dbcs. (d9£SL)

oL gl Z£5L 4b
dp dpsy, M (40)
dqst (quL)

Y = 4c
dp dpsi) u (4c)

where the gradients suffixed M are those of the mixing
line. The geometric and physical meaning of § in Fig.
1 is now apparent. 8 = 0 corresponds to no mixing
so that the cloud parcel SP remains at C and cloud
parcel paths follow the dry adiabat (6s;), moist adi-
abat (fgs;) and constant ggs; lines as p changes.
= 1 corresponds to mixing at such a rate that cloud
liquid water just totally evaporates as a parcel as-
cends, so that p = pg; always. In this case the (cloud)
parcel SP reaches D” as the parcel reaches p, and the
mixing line completely specifies all parcel thermo-
dynamic parameters as it ascends. The range 0 < 8
< 1 corresponds to partial evaporation of cloud water
by mixing, which is typical of small cumulus. Fig. 1
shows parcel paths as functions of p for 8 = 0.5 as
dashed lines. For example, from (4b), line CF, the
cloud parcel path of 655 (and @ since it is saturated),
lies halfway between the mixing line and the moist
adiabat, while from (4a), line CH, the parcel 8; path,
lies halfway between the mixing line-and the dry
adiabat. During the ascent of the parcel from pg to
p, its SP has only moved halfway up the mixing line
from C to D. Note that DH, DF are dry and moist
adiabats, respectively. The mixing line and the single
parameter 3 specify the gradients with respect to p
of all cloud parcel thermodynamic parameters.

Cloud liquid water is of particular interest. For
unmixed adiabatic ascent (8 = 0) from cloud base pp,
liquid water (to the linear gradient approximation)
is given by

Ly = (pg — D) (8qs/9p)sys - (3

For ascent with mixing [Betts (1982), A5; or see the
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difference in g5 on DF in Fig. 1]
1= (Psz — PNO9s/OP)ags - (6)

Thus the ratio of / to the adiabatic value (for an as-
cending parcel) is

Hy=(pst— P (ps—p)=1—8,

since 3 = (pg — ps1)/( ps — p). For an ascending parcel
to remain cloudy clearly we require / > 0 and the
mixing parameter § < 1.

There may be a more stringent buoyancy con-
straint on 3. A schematic environmental stratification
CG is shown on Fig. 1 (heavy solid line), correspond-
ing to some mean dbzs/dp. For an ascending cloud
parcel to remain buoyant (neglecting the 8, correction
for simplicity), its 65 and 8 paths must lie to the right
of CG, and its SP not reach D’ during the mixed
ascent. For the environmental stratification CG
shown, this requires

d BES/ dp
(dBesi/dpsp)m

Thus with this environment, clouds that are just
buoyant will have values of I/l ~ 0.3. Typical small
clouds have measured values of ///, in this range
(Warner 1970, 1977) so we see that their low liquid
water content and marginal buoyancy are probably
related to the environmental stratification (see Sec-
tion 4).

Fig. 2 shows an illustrative example of parcel paths
computed using a specified § and their relationship
to a real sounding: an average tradewind sounding
from BOMEX (22-24 June 1969; data supplied by
E. Rasmusson). Cloud parcel paths have been plotted
(light dashed lines) for 8 = 0.6 for a parcel rising from
cloudbase (956 mb) to a cloud-top at 806 mb near
the top of the trade inversion. It is presumed to mix
continually with air entrained from cloud-top, and
the mixing line is shown as a heavy dashed line
(ABCE). This is the path of the cloud parcel SP. As
the parcel rises 150 mb from cloud base to cloud top,
its SP rises only 90 mb to 866 mb (point B). We have
supposed the parcel to continue mixing, in some
sense, at the same rate as it descends from cloud-top
(it has overshot its equilibrium level), by setting 3
= dps;/dp = —0.6 on the descent. [The SL ( pSL) con-
tinues to move up the mixing line while p is now
increasing.] The cloud parcel paths intersect at C
"~ where the parcel becomes unsaturated: its SL has
risen from 866 to 843 mb as it has descended from
cloud-top. The now cloud-free parcel will come to
thermal equilibrium again (ignoring the 6, correction)
near 850 mb as shown, since fg; is now its potential
temperature 6, while its SP has moved a little further
up the mixing line to D, as mixing has continued.

For the cloud parcel paths shown, the ratio ///, on
ascent is a constant 0.4 from (7), since § is constant;

(7a)

~ 0.7.
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FIG. 2. Tephigram showing average tradewind sounding (heavy
solid lines), mixing line between cloud-base and cloud-top envi-
ronmental air (heavy dashed), and cloud parcel paths for 8 = 0.6

on ascent, 8 = —0.6 on descent (light dashed lmes) B is the SP of
cloud parcel at cloud-top.

whereas observational studies show ///, decreases with
height (see Section 4), implying an increase of 8. Fig.
2 illustrates clearly the marked asymmetry in the rate
of change of cloud water between ascent and descent
with mixing (Betts, 1973). If we define the saturation
pressure difference

P = psy —
and note that / o«c 2 from (6), on ascent
dP/dp=8—1=—-04,

while on descent from cloud—top, when 8 has reversed
sign,
d’P/dp = —1.6,

indicating the relatively rapid decrease of cloud water
on descent.

The formula analogous to (7a) for cloud liquid
water for a parcel descending from cloud-top ( pr) is

2(p—pr)]
(ps— D) ’

showing the reduced liquid water content, which de-
creases to zero as the cloud water all evaporates at
a pressure level (here level C)

1 - 1 -
PeL = ( lgl)p_l: ; 2 _ rt (1 n g)( ps — P1)-

For 8 = 0.6, the descent distance for total evaporation
is only one quarter, (1 — 8)/(1 + B), of the ascent
from cloud-base to cloud-top.

iy=1- ﬁ[l + (7v)

¢. Evaporation into unsaturated downdrafis

A simple model for this process was proposed by
Kamburova and Ludlam (1966), and this was more
recently extended by Betts and Silva Dias (1979). The
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FiG. 3. Schematic tephigram showing relationship between
change of SP and downdraft 6,q paths for different values of 8 (in
parentheses). Downdraft SP descends moist adiabat as evaporation
takes place. T' indicates an environmental stratification.

parameter B is again helpful in understanding the
constraints on parcel paths in the evaporation pro-
cess. In this case an air parcel SP is constrained to
follow the moist adiabat (closely) corresponding to
its initial 0z (rather than a mixing line as in Section
2b). Now suppose that precipitation evaporates into
a downdraft air parcel as it descends. Using (3) we
may relate changes following parcel p and SP ( ps;),

ie.,

dbsr (d0SL) (190)

—— = —_— = —_— s 8
dp b dps. d 0p/ oy (8a)

desr (dHESL)

—==pl—=]=0, - (8b
dp 8 dpst (8b)
dgs; (quL) (3615)

—— =B/ =8l— . 8
dp 8 dpsi. B ap Ogs (&)

Eq. (8b) follows from constant 8, for the downdraft
air, and (8a) and (8c) simplify because the gradients
following the SP are just the gradients on the moist
adiabat.

The physics implied by these expressions is clear
if we consider conservation of 8 on a downdraft tra-
jectory,

00gs1/0s. = 0 = 80s./0s. + Légsi/c,T,

which relates the change of 6, the cooling, to the
change of g, the evaporation. For a descent distance
6p, and constant 8,

ops. = Bop,

c,T (aqs)

——— 005, = b = Bl —

Lé SL qs. = B ap s op,

thus recovering (8c). Furthermore,
0P = (B — ép

so that for constant 3, the downdraft saturation pres-
sure difference 2, changes linearly with descent, i.e.,

Py=P;+ (8- 1)p—p) (9a)
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FIG. 4. Schematic tephigram showing relationship between
change of SP and updraft 6, gr paths for different values of § (in
parentheses), in this case corresponding to different precipitation
rates. Updraft SP remains on moist adiabat.

where the subscript I denotes values for the inflow
to the downdraft at pressure level p;.

The physical meaning of 8 is also clear (Fig. 3).
B8 = 0 corresponds to no evaporation, no change of
SP (remains at A), and the downdraft 6,q both remain
constant. 0 < 8 < 1 corresponds, for example, to a
downdraft  path between wet and dry adiabats, while
the subsaturation, related to 2, increases linearly
with descent. 8 = 1, corresponds to downdraft 6,g
paths parallel to the moist adiabat, with constant sub-
saturation, and 8 > 1-to downdraft 6, paths con-
verging to saturation on the moist adiabat. Fig. 3 il-
lustrates this by showing parcel 6,q paths for parcel
descent from p, to p, corresponding to the descent
of the SP from A to B, C, D for values of 8 of 0.5,
1.0, 2.0, respectively.

A parallel buoyancy constraint to the cumulus up-
draft may exist (Betts and Silva Dias, 1979). To main-
tain negative buoyancy a downdraft parcel must re-
main colder than the environment (if this can be de-
fined near a thunderstorm!) which typically has a
gradient between moist and dry adiabats: this implies
B must be greater than a critical value. For the en-
vironmental I' shown schematically, this would re-
quire )

B>T/Tw~ 0.3,

where T' = 08/dp and T'y = (36/8p)s,s . Typically
I'/Ty ranges from small values ~0.2 for the severe
storm atmosphere to ~0.8 for some more stable trop-
ical atmospheres. We would expect correspondingly
a considerable range in downdraft characteristics
(Betts and Silva Dias, 1979).

Eq. (92) can be used to estimate a mean value of
B8 from the end-points of a downdraft trajectory,
where the suffices I, O denote downdraft inflow and
outflow respectively; i.e.,

B=1+(Po— Pp/(po— pD.

d. Precipitation from updrafts

(9b)

Diagrammatically the fallout of precipitation from
updrafts is the inverse of Fig. 3, and the comparison
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may be helpful. Again an updraft air parcel SP is
constrained to lie on a moist adiabat (constant 6g;)
while now g, gs; change as cloud water is converted
to precipitation and removed from an air parcel. Eqs.
(8) are again satisfied, and 8 has a parallel physical
meaning (Fig. 4). 8 = 0 corresponds to no precipi-
tation and no change in SP (remains at A); 8 = | to
all new condensate falling out so that cloud liquid
water content remains constant (and SP moves from
A to C as parcel goes from p, to p,); and 8, g both

parallel the moist adiabat; and 8 > 1 to precipitation -

falling out faster than more liquid condenses. Fig. 4
shows parcel (8;, g;) paths for ascent from p, to p,,
corresponding to the ascent of SP from A to B, C, D
for values of 8 of 0.5, 1.0, 2.0, respectively.
The parameter § in this case is the fractional fallout
of new condensate, since- .
- 6- (%)
8

dl _dgs. _ (aqs)
dp

dp - dp p

o (10)

fes ES

3. One-dimensional thermodynamic cloud models
with convective pressure scales

The graphical approach using the parameter 8 clar-
ifies some of the constraints on cloud thermodynamic
processes. We shall now introduce parallel models
using pressure scales for the largely unknown bulk
physics of entrainment, droplet evaporation and pre-
cipitation. That we represent complex processes by
single parameters reflects both our ignorance and the
need to simplify for parametric and diagnostic pur-
poses. There is some hope that these bulk pressure
scales might be inferred diagnostically.

a. Mixing into cumulus

Bulk scales have been used by many authors to
approximate entrainment into cumulus clouds
(Simpson and Wiggert, 1969; Betts, 1973; Arakawa
and Schubert 1974). For any conserved parameter
such as g, we can write (e.g., Betts, 1973) .

dbss(c) _ Oes(c) — Oz (e)
dp Tap ’
where ¢, e denote cloud and environment, respec-
tively, and m,, is a pressure scale for mixing into the

cloud. If we also make a linear approximation to the
mixing line (valid over small pressure ranges)

dps(c)  bes(c) — Oe(e) _ Aby

dps.  Dpsic) — psi(e) AP’

where A, AP are shown in Fig. 5. We obtain from

Egs. (11) and (12).the approximate mixing relation-
ship for ps;(c):

8= dpsi(c) - Psi(¢) — psi(e) _ P, — P,

o

(12)

, (13)

M ™™
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FI1G. 5. Graphical construction of instantaneous updraft
temperature path [Eq. (11)].

where P, = ps;(c) — p is the cloud saturation pressure
difference. ‘

Fig. 5 expresses (with linearized lapse rates) Egs.
(11), (12) and (13) graphically on a tephigram. CE is
the instantaneous slope of the mixing line between
cloud and environment. This is an instantaneous fig-
ure since the SP of the environment will in general
change with height. The cloud parcel (which is above
cloud base) has (7, p). at D up the moist adiabat
P, (mb) from its SP at C. DB is drawn parallel to the
mixing line, whose slope is A8z/AP, while DA, with
slope A8g/m,y, is the instantaneous cloud parcel tem-
perature (and 0zs) path. The parameter 8 = dps;(c)/
dp in (13) is just the ratio of the siopes DA to DB in
s coordinates. Earlier we gave § a value: now we
shall consider the solutions of (13) obtained by spec-
ifying .

1) LATERAL ENTRAINMENT

The familiar lateral entrainment model is given by
taking m,, constant (mixing environment into the
cloud as it ascends at a constant rate with pressure).
P, is related to the subsaturation of the environment
[Betts, 1982, Eq. (A6)] which is typically near con-
stant in a cumulus layer (see also Section 4). Taking
wa, P, constant, (13) transforms readily to

dP.— P.) _ P.— P, —
dp

-1, (14)
M

with Sblution
P, = (mp + PI1 — exp(p*/ 7)), (15)

where p* = p — pp is measured from cloud-base
where P, = 0. The requirement for cloud water pos-
itive (P, > 0) requires

Tar > ‘pe|
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FiG. 6. Graphical construction of instantaneous downdraft
temperature path {Eq. (19b)].

(since P, is negative); that is, mixing must be less in
drier environments for cloud to exist. Eq. (15) asymp-
totically approaches P, = my + P, showing that
cloud liquid water tends to a constant value

basym = (mar + Pc)0Gs/0P)sgs - (16)

In the asymptotic state, all variables fg;, gsy, 65, (and
hence 8) for the cloud parcel instantaneously parallel
the mixing line, and 8 = 1 (the parcel path DA in
Fig. 5 becomes DB). We may think of =, as the lag
of the cloud parcel variables from those of the en-
vironment, which are changing with height (even
though P, is constant).

The ratio

Ul = ~Pdlp* (17)

decreases with ascent in accordance with observa-
tions. Expanding (15) for small p*, we find that just
above cloud-base

= (mp+ Py .

This ratio decreases as |?,| approaches . Just above
cloud-base, 8 = —P,/m,,, but in this model 8 increases
and approaches unity as a cloud parcel ascends.

We see from (16), (17) that cloud water measure-
ments may be a simple indication of entrainment

pressure scales, since 7, is observable.

2) CLOUD-TOP ENTRAINMENT

The entrainment of air through cloud-top was pro-
posed by Squires (1958), and an observational ex-
ample of cloud-top entrainment into Colorado cu-
muli was presented recently using a mixing diagram
in Paluch (1979). From a mixing viewpoint this
model has the advantage of simplicity in that air in-

~ side clouds is formed solely by mixing cloud-base air
(from the subcloud layer) and cloud-top air. We may
write (13) as

dpsi(c)
dp

- Dsi(€) — psi(1)

T
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where pg,(f) is the SL of the environment at cloud-
top and =, a pressure scale for cloud-top entrain-
ment. Although pg, () may be considered constant,
we have no expectation that 7, should be constant
as air parcels ascend through a cloud, and so simple
integrations are not obvious..

b. Evaporation into downdrafts

Betts and Silva Dias (1979) have shown how drop-
let evaporation into unsaturated downdrafts can be
represented parametrically by the pair of equations
for the change of downdraft g, # with pressure:

ﬂ] _9~4a9w ﬁ _b0-
dp TE ’

Ow
dp TE ?

(19a, b)

where 7 is a pressure scale for evaporation’ and the
subscript W denotes values at the wet-bulb temper-
ature. Using linearized gradients [(A1), (AS) of Betts,

1982]
gS
qg—4qw= ?"(;p)
%L, (20a,b)
0
—
ap bEs

where P, = ps;, — p for the downdraft air.! Substi-
tuting (20) in (19) and comparing with (8) yields

d,
B="T% = Pyns.
dp

(21
The similarity to (13) is apparent: the difference
comes from the fact that the downdraft SL is being
changed by droplet evaporation at the wet-bulb tem-
perature, rather than by the mixing in of dry envi-
ronmental air as in the entraining updraft.

Fig. 6 shows the graphical construction of (19b)
and (21). Instantaneously the downdraft has SP (7,
pse) at D and (7, p) at E. The downdraft SP follows
the moist adiabat DC as evaporation takes place. DC
and the parallel EB have linearized slopes A8/7,,
while the instantaneous downdraft temperature path
from E follows EA with slope Af/wg, where A§ = 6
— 0. The construction for the downdraft mixing ra-
tio path is similar. The parameter B dpsi/dp is just
the ratio of the slopes EA to EB, as in Fig. 3. Eq. (2 l)
can be rewritten as

—= = Pymg=—1, (21b)
dp
with solution for n5 constant
Py= Prexp(p*/mg) + me[l — exp(p*/7E)], (22)

where ?; is the saturation pressure difference of in-

! The sign convention of =g, P, is the reverse of Betts and Silva
Dias (1979). Here both are negative.
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flow air to the downdraft at pressure level p;, and p*
is the descent p — p;. We see that the initial condition
P, decays, and the downdraft ?, approaches wg
asymptotically (Betts and Silva Dias, 1979).

“In terms of the parameter 3, we see that the initial
downdraft parcel paths (Fig. 3) are determined by the
ratio P,/mg, but if 7z is constant, P, — 7z  — |
and an asymptotic state is reached when downdraft
6, g both parallel the moist adiabat at constant sub-
saturation -
q — qw = Tg(0ds/0D)szs

given by (20a). Typical values of 7 are in the range

30-100 mb so that the asymptotic state is often ap-
proached. Thus the downdraft outflow saturation
pressure difference P, is often a good measure of
mg (Betts and Silva Dias, 1979). In general, a mean
value of g can easily be derived from the end-points
of a downdraft trajectory by rewriting (22) for the
outflow as

g — Po = (Po — P))/[1 — exp(py/me]l. (23)

The first estimate of  is Po, and iteration is straight-
forward.

We may think of =5 again as a lag—a measure of
how unsaturated a downdraft must be to evaporate
droplets fast enough to maintain a constant sub-
saturation as the downdraft descends. It will increase
with downdraft speed [cf. (30)] and as mean drop-
size increases (Betts and Silva Dias, 1979).

¢. Precipitation from updrafts

The microphysics of the processes that convert
small cloud droplets to precipitation size particles are
complex and change with parcel temperature, updraft
speed and cloud life cycle to mention only a few vari-
ables. However, as was pointed out in Section 2c¢; the
fallout of precipitation is in some thermodynamic
aspects the inverse of evaporation into downdrafts,
and a similar parametric approach may give some
insight. : ,

The simplest dimensional parameterization for
precipitation is

dasy _ dar
dp dp

where 7 is a pressure scale for the fallout of precip-
itation (e.g., the conversion of cloud water to rain-
water). This has some physical basis in that most con-
version processes are proportional to cloud liquid
water content, and has been used in simple para-
metric models (e.g., Arakawa and Schubert, 1974).
It is, however, oversimplified: for example, the pres-
sure scale for autoconversion (for cloud updraft
speeds of a few meters per second) is large [ ~200 mb
(Kessler, 1969)], whereas for the accretion process
once rainwater forms it is much smaller [<50 mb
(Kessler, 1969)]. Thus in a bulk sense it is no easier

=l/7rF9 |

(24)
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to predict 7 than mz or m. From (24) and the lin-
earized relationship

l = ?C(aqS/ap)BEs )
it follows, since the SP follows a moist adiabat, that

d
B=%;£=‘Pc/7rp-

(25).

(26)

Thus Eq. (26) can be represented graphically by a
construction similar to Fig. 6 (inverted). From (26)

dP, P,
—f ==
I , 27)
with solutions -
P.=7wd1 — exp(p*/7p)], (28)

where p* = p — py is the ascent from cloud-base pp
where 2, = 0. We see as expected that 2, asymptot-
ically approaches wr when cloud water

l, = Wf(aqS/ap)ﬂgs .

Here 7p =~ 50 mb, / ~ 1 g Kg~' at warm tempera-
tures. In precipitating clouds we might thus regard
the remaining cloud water as a bulk estimate of the
pressure scale for precipitation fallout (7 z).

We see from (26) that 8 is zero at cloud-base but
increases to 1 (for constant z), when the parcel paths
of 6;, qr parallel the wet adiabat (Fig. 4). Cloud water
then satisfies (29) and is precipitated as fast as it is
condensed.

The pressure scale = is related to a timescale 75
for the precipitation conversion by the updraft ver-
tical velocity w, i.e.,

(29)

(30)

TF = PEWTE .

Thus, if 77 is constant, =, will increase with updraft
speed, and hence so will /'.

4. Comparison of entrainment model and data

Of the three bulk parameters my, 7g, mr, we shall
take w,, for further illustrative study. The estimation
of 7w from downdraft outflow data has been ad-
dressed in Betts and Silva Dias (1979), and the use-
fulness of 7 needs further study.

A simple comparison between the model and in-
cloud measurements of liquid water will illustrate
how entrainment parameters can be estimated and
inferences drawn about entrainment into cumulus
clouds. The processes of lateral and cloud-top en-
trainment give very different estimates of w;,, as well
as different cloud parcel paths on a thermodynamic
diagram, which may be used to distinguish which
process may be dominant. We shall use the data of
Warner (1970) discussed further in Cotton (1975) and
Cotton and Tripoli (1978). This analysis will also cast
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F1G. 7. Sounding at Bundaberg, Queensland, 10 November 1964

" (solid lines). Heavy dashed line is mixing line with cloud-top en-

trainment, light dashed line with lateral entrainment, and symbols

T, L denote cloud parcel temperatures for lateral and cloud-top
entrainment, respectively.

some light on the dispute (Warner, 1970; Simpson,
1971) over whether one-dimensional models with lat-
eral entrainment can simulate both cloud liquid water
contents and cloud-top heights. Fig. 7 shows the
sounding (solid lines) at Bundaberg, Queensland as
constructed by Cotton (1975). Cloud-base at 1200
yEDT was at 845 mb and cloud-top near 670 mb for
a population of scattered cumulus. Environmental
SP’s corresponding to each data level in the cloud
layer are shown as open circles. Various cloud parcel
- parameters are shown which will be discussed in Sec-
tion 4b.

a. Estimation of w for lateral entrainment model

Fig. 8 shows a comparison between Warner’s
(1970) mean in-cloud values of ///, (solid line) with
those computed with the simple lateral entrainment
model (15), (17) using a constant value of P, = 30
mb representative of the cloud layer for the Bunaberg
sounding, and values of x,, of 50, 60, 70 mb. The
agreement between data and model for 7, = 60 mb
is quite satisfactory showing that the lateral entrain-
ment model can give a realistic ///, decreasing with
height above cloud-base, and that an observed profile
gives an estimate of 7. In this case m,, is about one-
third of the total depth of cloud layer (175 mb). How-
ever, we shall see, as Warner (1970) concluded, that
the corresponding cloud buoyancies with lateral en-
trainment matched to observed cloud liquid water
are too low to give the observed cloud-tops.

b. Cloud parcel paths

Fig. 7 also shows paths of cloud parcel temperature
and SP for lateral and cloud-top mixing. These de-
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pend on the cloud-base temperature (i.e., SP). The
subcloud layer sounding is clearly not representative
of cloud-base air, so the cloud-base SP has been taken
as 0.5°C colder than the environmental temperature
at the observed cloud base of 845 mb, consistent with
other studies (Betts, 1976). The light dashed line is
the path of a cloud parcel SP with lateral entrainment,
computed from (12) and (15) using 7, = 60 mb.
Cloud parcel temperatures for lateral entrainment are
plotted as L’s: they lie up the moist adiabat from the
corresponding SP on the mixing line. The SP’s of
environmental air and cloud parcel (ps; = 796 mb)
at 775 mb are shown. The parcel temperature path
traced by the L symbols lies close to the environ-
mental temperature. Even with the 8, correction, par-
cels with this lateral entrainment (corresponding to
the observed [/, profile) are near neutral buoyancy
and cannot ascend to the observed cloud-top height
of 670 mb. As Warner (1970) and Cotton (1975) con-
cluded, if the lateral entrainment rate is set to give
observed cloud water, cloud-top heights will be
greatly underpredicted.

Fig. 7 shows that cloud-top mixing gives a different
result. The heavy dashed mixing line is the path of
SP for the mixing of cloud-base air with cloud-top
air. It lies close to the environmental temperature.
Cloud parcel temperatures corresponding to cloud-
top entrainment and the observed mean values of
cloud water are plotted with the symbol T: these again

lie P {mb] up the moist adiabat from their corre-

sponding SP on the cloud-top mixing line. We see
that if the dominant entrainment process is at cloud-
top, cloud parcels can have the same liquid water
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FiG. 8. Comparison of Warner (1970) mean cloud liquid water
content (solid line) with model values computed using (15) with
P, = 30 mb, my, = 50, 60, 70 mb, showing good agreement for
Ty = 60 mb.
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content as with lateral entrainment, but have much
greater buoyancy and readily attain the observed top
heights. This is a purely thermodynamic effect, as-
sociated with the SP structure of the environment
(which'is typical of other examples).

Values of 7y, computed from (18) for the observed
Warner cloud water profile are much larger than =,
corresponding to less mixing in of the drier cloud-top
air. The computed =), decreases from ~ 300 mb near
cloud base to ~ 100 mb at 700 mb. Thus, the use of
a constant ), in (18) would not give a satisfactory
profile of cloud water with height. [This reduced
mixing rate (larger 7),) would in some one-dimen-
sional models, with drag terms in the momentum
equation dependent on entrainment rate, further in-
crease predicted cloud-top height.]

¢. Role of different entrainment mechanisms

It is clear that in-cloud measurements of SP, re-
quiring cloud temperature and liquid or total water
measurements, will distinguish originating levels of
entrained air, as in Paluch (1979). Because the en-
vironmental SP values typically lie to the left of the
mixing line between cloud-top and cloud-base air, the
cloud-top mixing process will tend to give more buoy-
ant clouds for the same liquid water content.

Fig. 7 has an interesting symmetry which suggests
that both lateral and cloud-top entrainment are im-
portant processes but they represent extremes. For
lateral entrainment, the mixing line is to the left of
the environmental temperature, so that cold down-
drafts produced by evaporative mixing are possible
- (Betts, 1982), while the cloud parcel temperatures
(marked L) indicate that updrafts are near neutral
buoyancy. For cloud-top entrainment the cloud parcel
temperatures (marked T) indicate strong buoyancy
for updrafts, while the mixing line lies close to the
temperature sounding, indicating that even with con-
tinuous evaporative mixing, downdrafts will be near
neutral buoyancy. '

Since we require buoyant updrafts to produce
clouds, and negatively buoyant downdrafts if cloud-
top environmental air is to be brought down into a
cloud, it seems likely that both processes must play
a role. A combination of lateral and cloud-top en-
trainment probably occurs so that both updrafts and
downdrafts have significant available potential en-
ergy. :

Heymsfield et al. (1978), Cotton and Tripoli (1979)
and Tripoli and Cotton (1980) have discussed en-
trainment into cumulus in sheared flow. They suggest
that the updraft grows with reduced entrainment on
the upshear side of the cloud, while dry air is strongly
entrained into a4 wake in middle and upper levels on
the down-shear side producing a penetrating down-
draft circulation. Fig. 7 shows that entrainment of
dry air into a cloud wake from at and below the Og5
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minimum in the cumulus layer (705 mb in Fig. 7)
rather than cloud top is more favorable for negatively
buoyant downdrafts, since the environmental SP’s lie
to the left of the cloud-top mixing line. Air descending
in these downdrafts might then mix with the updraft
core on the upshear side of a cloud. This combination
of processes would give both negatively buoyant
downdrafts and buoyant updrafts, with a bulk en-
trainment process intermediate between the lateral
and cloud-top models. The inference of empirical
relationships for 7, from data using (13) would be -
useful. '

5. Conclusions

This paper has presented a parallel development
of one-dimensional thermodynamic models in satu-
ration point coordinates. Model solutions using bulk
parameters for the processes of entrainment, evapo-
ration into downdrafts and precipitation in'cumulus
indicate how these parameters might be estimated
from observational data sets. The pressure scale ,,
for mixing or entrainment can be estimated from
cloud-water measurements in shallow non-precipi-
tating clouds, although the estimates are sensitive to
the level of origin of entrained environmental air.
This treatment clarifies the relationship of estimates
of m,, to the environmental saturation pressure- dif-
ference 7. The evaporation pressure scale w5 can be
estimated from the saturation level of downdraft out-
flows, and the pressure scale 7 for the fallout of pre-
cipitation from cloud-water measurements in precip-
itating clouds. Where sufficient detail is available or
needed, these models could be combined. Although
much remains unknown about the complex processes
in clouds, these simplified treatments suggest proce-
dures for data analysis and parametric modeling. -

A more detailed case study of shallow clouds over
Australia indicates that in-cloud measurements of
temperature and liquid water will distinguish cloud-
top from lateral entrainment: clouds entraining mainly
at cloud top will be more buoyant for the same liquid
water content. It also seems likely that both processes
(or entrainment from middle levels) are important
in the maintenance of both updraft and downdraft
circulations in small cumulus,

This paper has developed a conceptual framework;
clearly all three cloud processes need further study
to explore the usefulness of these models.
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